B\"acklund-Darboux Transformations and Discretizations of $N=2\; a=-2$
  Supersymmetric KdV Equation by Mao, Hui & Liu, Q. P.
Ba¨cklund-Darboux Transformations and Discretizations of
N = 2 a = −2 Supersymmetric KdV Equation
Hui Mao and Q. P. Liu∗
Department of Mathematics,
China University of Mining and Technology,
Beijing 100083, People’s Republic of China
Abstract
The N = 2 a = −2 supersymmetric KdV equation is studied. A Darboux transfor-
mation and the corresponding Ba¨cklund transformation are constructed for this equa-
tion. Also, a nonlinear superposition formula is worked out for the associated Ba¨cklund
transformation. The Ba¨cklund transformation and the related nonlinear superposition
formula are used to construct integrable super semi-discrete and full discrete systems.
The continuum limits of these discrete systems are also considered.
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1 Introduction
The Korteweg-de Vries (KdV) equation probably is the most important equation in the
theory of modern integrable systems or soliton theory. Indeed, it is well known that the
theory originated from the celebrated work of Kruskal and his collaborators on the KdV
equation. Due to its remarkable properties and wide applications, the KdV equation has
been extended in various ways and one of them is the supersymmetric extension.
In the theory of supersymmetric integrable systems, there are two classes of extensions,
namely the nonextended (N = 1) and the extended (N > 1) extensions. It is interesting
to note that in the extended situation new bosonic systems may appear as a bonus. For
the KdV equation, its nonextended supersymmetric version was introduced by Manin and
Radul [1] and its extended (N = 2) version by Laberge and Mathieu [2]. The N = 1
supersymmetric KdV equation has been studied extensively and various properties have
been established for it (see [3]-[14] and the references there).
The N = 2 supersymmetric KdV system reads as [2]
φt = −φxxx + 3(φD1D2φ)x + 1
2
(a− 1)(D1D2φ2)x + 3aφ2φx, (1)
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where φ = φ(x, t, θ1, θ2) is a superboson function depending on temporal variable t, spatial
variable x and its fermionic counterparts θi(i = 1, 2). D1 and D2 are the super derivatives
defined by D1 = ∂θ1 +θ1∂x,D2 = ∂θ2 +θ2∂x and a is a free parameter. In the sequel, we will
refer to (1) as the SKdVa equation. It is known that this one-parameter family of equations
(1) is integrable only for certain values of the parameter a. For both a = −2 and a = 4 cases,
Laberge and Mathieu in [2] demonstrated that the systems possess Lax representations and
Hamiltonian structures and infinite conservation laws. For the SKdV1 equation, its Lax
representation was constructed by Popowicz in [15]. While the bi-Hamiltonian structure
of SKdV4 equation was found by Kupershmidt (see ref. [16]), a systematic construction
of bi-Hamiltonian structures both for SKdV4 and SKdV2 equations is due to Oevel and
Popowicz [4] within the framework of r-matrix theory (see also [5]). Later, a recursion
operator and a bi-Hamiltonian structure for SKdV1 equation were obtained by Sorin and
Kersten [17]. Bourque and Mathieu, through Painleve´ analysis, showed that above three
cases pass the test and confirmed their integrability [18].
The N = 2 SKdV systems were studied from the viewpoint of Hirota bilinear method
and both SKdV4 and SKdV1 systems were successfully brought to Hirota bilinear forms
[19]. Then, for SKdV4 equation, a class of solutions was calculated and for SKdV1 equation,
a bilinear Ba¨cklund transformation was obtained. To the best of our knowledge, a proper
Hirota bilinear representation of the SKdV−2 equation is still missing, although some at-
tempts have been made by Delisle and Hussin [20][21] and certain interesting solutions have
been obtained. Also, any form of Ba¨cklund transformation is not known to this equation.
The main purpose of this paper is to present a Darboux transformation and the related
Ba¨cklund transformation for the SKdV−2 equation. The theory of Darboux and Ba¨cklund
transformations has been an integrated part of the soliton theory [22, 23, 24, 25, 26] and
it is important for a given nonlinear system to find its Ba¨cklund transformations. With
a Ba¨cklund transformation in hand, one may either construct various solutions for the
associated nonlinear system or produce new integrable systems of both continuous and
discrete types [27, 28, 29]. It is noted that Ba¨cklund transformations for the supersymmetric
integrable systems emerged already as early as the later seventies of last century [30], their
applications to integrable discretizations of super integrable systems were developed only
recently [31, 32, 33, 34, 35]. Very recently, the relationship between these results and
extensions of Yang-Baxter map was explored [36, 37].
The paper is organized as follows. In Section 2 we recall the Lax representation for
the SKdV−2 equation and derive its Darboux and Ba¨cklund transformation through gauge
transformation. In Section 3 we obtain nonlinear superposition formula from the associ-
ated Ba¨cklund transformation. Then in Section 4 we use the obtained transformations
to construct discrete integrable super systems. Both differential-difference equations and
difference-difference equations are obtained. In Section 5, by performing various contin-
uum limits, we show that our discrete systems are indeed the proper discretizations of the
SKdV−2 equation.
2 Ba¨cklund-Darboux Transformations
Our SKdV−2 equation may be read from (1), namely
φt =
(
−φxx + 3(φD1D2φ)− 3
2
(D1D2φ2)− 2φ3
)
x
, (2)
2
to rewrite it in N = 1 formalism, we assume
φ = v + θ2α,
where v = v(t, x, θ1) is a bosonic (even) function while α = α(t, x, θ1) is a fermionic (odd)
one. Then the SKdV−2 equation (2) in components takes the following form
vt = (−vxx − 3(Dv)α− 2v3)x, (3a)
αt = (−αxx + 3α(Dα) + 3(Dv)vx − 6v2α)x, (3b)
where for simplicity we replace D1 by D.
Through the following invertible change of variables
α = β − 1
2
Du, v = − i
2
u,
where u = u(t, x, θ1) is a bosonic (even) function and β = β(t, x, θ1) is a fermionic (odd)
one and i =
√−1, the system (3) is brought to
ut =
(
−uxx − 3(Du)β + 1
2
u3
)
x
, (4a)
βt =
(
−βxx + 3β(Dβ)− 3uxβ + 3
2
u2β
)
x
. (4b)
Above system is nothing but the system constructed by Inami and Kanno based on the
affine Lie super algebra A(1, 1)(1) [38]. Therefore, rather than (3) we shall refer the system
(4) as the SKdV−2 and work with it in the subsequent discussion.
According to Inami and Kanno, equation (4) possesses a Lax representation [38]
Lt = [P,L],
where
L = ∂2x − u∂x − βD, (5)
and
P = −4∂3x + 6u∂2x + 6βD3 + (3ux −
3
2
u2)∂x + (3βx − 3uβ)D.
Thus, the corresponding linear spectral problem is
Lφ = λφ. (6)
One well adopted way to find a Darboux transformation is the gauge transformation ap-
proach. To do so, we first reformulate the linear spectral problem (6) into the matrix form.
Introducing Φ = (φ, φx,Dφ,Dφx)T , we may rewrite (6) as
DΦ = MΦ, M =

0 0 1 0
0 0 0 1
0 1 0 0
λ u β 0
 . (7)
The matrix M is a super matrix, by which we mean matrix with entries involving both
bosonic and fermionic variables. Following [34], we introduce an involution on the algebra
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of super matrices as follows: given any matrix A = (aij)i,j∈Z, we define A† = (a
†
ij)i,j∈Z and
a†ij = (−1)p(aij)aij with p(aij) denoting the parity of aij .
To construct a Darboux transformation for (7), we seek for a gauge matrix T such that
Φ[1] = TΦ (8)
solves
DΦ[1] = M[1]Φ[1], (9)
where M[1] is the matrix M but with u, β replaced by the new field variables u[1], β[1]. A
qualified Darboux transformation requires the gauge matrix T to satisfy
DT + T †M −M[1]T = 0. (10)
Our main aim now is to find a solution to above equation, thus we make the following
ansatz, namely
T = λF +G, F = (fij)4×4, G = (gij)4×4.
Through tedious calculations, we find that the matrices F and G may be taken as
F =

0 0 0 0
a 0 0 0
0 0 0 0
Da− aη 0 a 0
 , (11)
and
G =

λ1 a aη 0
0 a2 − (Da)η (λ1 + a2 + aDη)η aη
0 Da− aη λ1 + aDη + (Da)η a
0 (2a+Dη)(Da− aη) λ1Dη + a(Da)η + (a+Dη)D(aη) a(a+Dη)
 . (12)
It is noted that all the entries of the Darboux matrix are given in terms of two basic
quantities a and η. Now direct calculation shows that T is a Darboux matrix provided that
a and η satisfy the following equations
ax = a
2 − au− λ1 − (Da)η, (13a)
ηx =
(
u+
2λ1
a
+Dη
)
η − β, (13b)
and the transformations between field variables are neatly given by
u[1] = u+
2ax
a
, β[1] = β + 2ηx. (14)
We may obtain a Ba¨cklund transformation (spatial part) for the SKdV−2 equation (4)
from the equations (13) and (14) via elimination of a and η. A convenient way to achieve
the goal is to introduce new variables via
u = 2(ln v)x, u[1] = 2(ln v[1])x, β = 2γx, β[1] = 2γ[1],x,
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and then system (4) is brought to
vt =
(
−(vx
v
)xx − 6D(vx
v
)γx + 2(
vx
v
)3
)
v, (15a)
γt = −γxxx + 6γxD(γx)− 6γx(vx
v
)x + 6γx(
vx
v
)2, (15b)
which basically is the potential form of (4). Now from (14) we have
a = k1
v[1]
v
, η = γ[1] − γ,
where k1 is a constant of integration. Substituting them into (13) and letting λ1 = k
2
1, we
reach the following Ba¨cklund transformation
(v[1]v)x = k1(v
2
[1] − v2) + (γ[1] − γ)(vDv[1] − v[1]Dv), (16a)
(γ[1] + γ)x =
(
2vx
v
+ 2k1
v
v[1]
+Dγ[1] −Dγ
)
(γ[1] − γ). (16b)
The Darboux matrix T is determined by λ1, a and η and it is observed that these
quantities may be related to the solutions of the linear spectral problem (7) in such way
that the Darboux matrix T may be made more explicit. This can be done by studying
the kernel of the Darboux matrix T . To this end, we take two particular solutions Φ0 =
(φ0, φ0x,Dφ0,Dφ0x)T and Φ1 = (φ1, φ1x,Dφ1,Dφ1x)T of (7) at λ = λ1 and then we find
a = − λ1
φ0x
(
φ0 − φ1Dφ0Dφ1 +
φ0φ1xDφ0
φ0xDφ1
)
, (17a)
η = − 1Dφ1
(
φ1x − φ1φ0x
φ0
+
φ1φ1xDφ0
φ0(Dφ1)
)
, (17b)
where φ0 is a bosonic function while φ1 is a fermionic one.
Summarizing above discussions, we have
Proposition 1 Let φ0 and φ1 be two solutions of the linear spectral problem (6) at λ = λ1,
the first one being bosonic and the second one fermionic. Let the matrices F and G be given
by (11) and (12) with a and η defined by (17). Then T = λF +G is a Darboux matrix for
the linear spectral problem (7). The field variables transform according to (17).
Concluding this section, we mention that the corresponding Darboux transformation for
the scalar spectral problem (6) may be obtained from above result, namely
φ[1] = λ1φ+ a(∂ + ηD)φ.
3 Nonlinear Superposition Formula
Ba¨cklund transformation is interesting and important because it may provide a way to
construct solutions to a given nonlinear system. However, Ba¨cklund transformation itself
is a system of differential equations, therefore it may not be easy to find explicit solutions.
One way to get over this difficulty is to derive the corresponding nonlinear superposition
formula.
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In the present case, to find the nonlinear superposition formula of Ba¨cklund transfor-
mation we obtained in last section, we suppose that (v, γ) is an arbitrary solution of the
potential SKdV−2 (15), then with the help of two Ba¨cklund parameters λj(j = 1, 2), we
may get the new solution v[j], γ[j] and Φ[j] = T |λ=λjΦ. That is, we consider a pair of
Darboux transformations
Φ[1] = T[1]Φ, T[1] ≡ T |λ1=k21 ,a=a1,η=η1 , (18)
Φ[2] = T[2]Φ, T[2] ≡ T |λ1=k22 ,a=a2,η=η2 , (19)
then with the help of the Bianchi’s permutability theorem, depicted by the diagram below
Φ[1]
λ2
((
Φ
λ1
88
λ2 &&
Φ[12] = Φ[21]
Φ[2]
λ1
66
we have
T[12]T[1] = T[21]T[2], (20)
where
T[12] ≡ T |λ1=k22 ,a=a12,η=η12 , T[21] ≡ T |λ1=k21 ,a=a21,η=η21 ,
a12 = k2
v[12]
v[1]
, a21 = k1
v[21]
v[2]
, η12 = γ[12] − γ[1], η21 = γ[21] − γ[2].
From v[12] = v[21], γ[12] = γ[21] and (20), after some tedious calculations we obtain for
SKdV−2 equation the following nonlinear superposition formula
v[12]
v
=
k1v[2] − k2v[1]
k1v[1] − k2v[2]
+
(k21 − k22)(γ[1] − γ[2])(v[2]Dv[1] − v[1]Dv[2])
(k1v[1] − k2v[2])2
(
Dγ[1] −Dγ[2] + k1vv[1] −
k2v
v[2]
) , (21a)
γ[12] − γ =
(k21 − k22)(γ[2] − γ[1])v[1]v[2]
v(k1v[2] − k2v[1])
(
Dγ[1] −Dγ[2] + k1vv[1] −
k2v
v[2]
) . (21b)
As in most cases, the nonlinear superposition formula is of differential-algebraic type.
4 Discrete equations
Both Ba¨cklund transformation (16) and the nonlinear superposition formula (21) may be
interpreted as (semi-) discrete systems. To this end, we rewrite the super fields in terms of
its components. Let us assume
v = p+ θ1ρ, γ = σ + θ1q
6
and put them into (15), SKdV−2 equation takes the following component form
ppt =− ppxxx + 3pxpxx + 6(pxρ− pρx)σx, (22a)
(pρ)t =− (pρ)xxx + 6(pxρxx + ρxpxx) + 6(p2x − ppxx + 2ρxρ)σx − 6qx(pxρ− pρx), (22b)
σt =− σxxx + 6(qx − pxx
p
+
2p2x
p2
)σx, (22c)
qt =− qxxx + 6qx(qx − pxx
p
+
2p2x
p2
)− 6σx(σxx − ρxx
p
+
ρpxx
p2
+ 4
pxρx
p2
− 4p
2
xρ
p3
). (22d)
Define
p ≡ pn(x), p[1] ≡ pn+1(x), ρ ≡ ρn(x), ρ[1] ≡ ρn+1(x),
q ≡ qn(x), q[1] ≡ qn+1(x), σ ≡ σn(x), σ[1] ≡ σn+1(x).
Then, the Ba¨cklund transformation (16) is split into the system
(pn+1pn)x = k1(p
2
n+1 − p2n) + (σn+1 − σn)(pnρn+1 − pn+1ρn), (23a)
(pn+1ρn + ρn+1pn)x = 2k1(pn+1ρn+1 − pnρn) + (qn+1 − qn)(pnρn+1 − pn+1ρn)
− (σn+1 − σn)(pnpn+1,x − pn+1pn,x + 2ρnρn+1), (23b)
(σn+1 + σn)x =
(
2pn,x
pn
+
2k1pn
pn+1
+ qn+1 − qn
)
(σn+1 − σn), (23c)
(qn+1 + qn)x =
(
(
2ρn
pn
)x +
2k1
pn+1
(ρn − pnρn+1
pn+1
) + (σn+1 − σn)x
)
(σn+1 − σn)
+
(
2pn,x
pn
+
2k1pn
pn+1
+ qn+1 − qn
)
(qn+1 − qn), (23d)
which is a semi-discrete or differential-difference system.
To find a difference-difference system, we define for any field variable u
u ≡ un,m, u[1] ≡ un+1,m, u[2] ≡ un,m+1, u[12] ≡ un+1,m+1,
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then the nonlinear superposition formula (21) yields
pn+1,m+1
pn,m
+
a(p; 1, 2)
a(p; 2, 1)
=
(k21 − k22)b(σ, p, p)b(ρ/p, p, p)
a2(p; 2, 1)(pn,ma(p; 1, 2)− b(q, p, p)) , (24a)
pn,mρn+1,m+1 − pn+1,m+1ρn,m
(k21 − k22)p2n,m
=
b(ρ/p, p, p)a(p; 1, 2)− b(ρ, p2, p2)
(
ln
pn,m+1
pn+1,m
)
x
a2(p; 2, 1)(pn,ma(p; 1, 2)− b(q, p, p))
+
b(σ, p, p)b(ρ/p, p, p)(b(σx, p, p)− ρn,ma(p; 1, 2))
a2(p; 2, 1)(pn,ma(p; 1, 2)− b(q, p, p))2
+
a(p; 1, 2)b(σ, ρp, ρp)
a2(p; 2, 1)(pn,ma(p; 1, 2)− b(q, p, p))2 , (24b)
pn,m (σn+1,m+1 − σn,m)
k21 − k22
=
b(σ, p2, p2)
a(p; 1, 2)(pn,ma(p; 1, 2)− b(q, p, p))2 , (24c)
(qn+1,m+1 − qn,m)a(p; 1, 2)
k21 − k22
=
b(q, p2, p2) + (
ρn,m+1
pn,m+1
+
ρn+1,m
pn+1,m
)b(σ, p2, p2)
pn,m(pn,ma(p; 1, 2)− b(q, p, p))
+
ρn,ma(p; 1, 2)b(σ, p
2, p2)− b(σ, p, p)b(σx, p2, p2)
pn,m(pn,ma(p; 1, 2)− b(q, p, p))2
+
(ρn,ma(p; 1, 2) + pn,ma(ρ; 1, 2))pn+1,mpn,m+1
p2n,ma(p; 1, 2)(pn,ma(p; 1, 2)− b(q, p, p))
+
b(σ, p3, p3)a(ρ/p; 2, 1)
(pn,ma(p; 1, 2)− b(q, p, p))2 , (24d)
where
a(p; 1, 2) ≡ k1pn,m+1 − k2pn+1,m b(p, q, r) ≡ (pn,m+1 − pn+1,m)qn+1,mrn,m+1,
In the present form, above system (24) is a semi-discrete one. It is interesting to note
that a fully discrete system may be obtained if the following relation, which comes from
Ba¨cklund transformation, is taken into account
pn,m+1,x
pn,m+1
− pn+1,m,x
pn+1,m
=
k2pn,m+1
pn,m
− k1pn+1,m
pn,m
+ pn,m
(
k1
pn+1,m
− k2
pn,m+1
)
+ (σn,m+1 − σn+1,m)
(
ρn,m+1
pn,m+1
− ρn,m
pn,m
)
+ (σn+1,m − σn,m)
(
ρn,m+1
pn,m+1
− ρn+1,m
pn+1,m
)
, (25a)
(σn+1,m − σn,m+1)x =
(
2pn,m,x
pn,m
+
2k1pn,m
pn+1,m
+ qn+1,m − qn,m
)
(σn+1,m − σn,m+1)
+
(
2k1pn,m
pn+1,m
− 2k2pn,m
pn,m+1
+ qn+1,m − qn,m+1
)
(σn,m+1 − σn,m).
(25b)
5 Continuum limits
In the last section, with the help of the Ba¨cklund transformation and the related nonlinear
superposition formulae, we obtained a semi-discrete system and a fully discrete system. It
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is interesting to identify these discrete systems and analyze their continuum limits [29]. We
will show that the obtained systems (23) and (24) are nothing but the discrete versions of
the potential SKdV−2 (22) in component form.
Let us first consider (23). Introducing the new continuous variable τ by
pn(x) ≡ p(x, τ), ρn(x) ≡ ρ(x, τ), qn(x) ≡ q(x, τ), σn(x) ≡ σ(x, τ), τ = n
k1
,
and expanding
pn+1(x) ≡ p
(
x, τ +
1
k1
)
, ρn+1(x) ≡ ρ
(
x, τ +
1
k1
)
,
qn+1(x) ≡ q
(
x, τ +
1
k1
)
, σn+1(x) ≡ σ
(
x, τ +
1
k1
)
,
in 1k1 , then defining a new independent temporal variable t in term of τ and x such that
∂τ = ∂x − 1
12k1
2∂t,
we obtain in the continuous limit up to terms of order 1
k21
ppt =− ppxxx + 3pxpxx + 6(pxρ− pρx)σx,
(pρ)t =− (pρ)xxx + 6(pxρxx + ρxpxx) + 6(p2x − ppxx + 2ρxρ)σx − 6qx(pxρ− pρx),
σt =− σxxx + 6
(
qx − pxx
p
+
2p2x
p2
)
σx,
qt =− qxxx + 6qx
(
qx − pxx
p
+
2p2x
p2
)
− 6σx
(
σxx − ρxx
p
+
ρpxx
p2
+ 4
pxρx
p2
− 4p
2
xρ
p3
)
.
which is nothing but the component form of potential SKdV−2 equation (22).
Now we turn to the system (24) subject to (25). As usual, different continuous limits
may be considered in the present case. For instance, we may consider the so-called straight
continuum limit. To do so, let us assume
pn,m ≡ pn(x), ρn,m ≡ ρn(x), qn,m ≡ qn(x), σn,m ≡ σn(x), x = m
k2
.
For 1k2 small, we have the following Taylor series expansions
pn,m+1 = pn
(
x+
1
k2
)
= pn +
1
k2
pn,x +O
(
1
k2
2
)
,
ρn,m+1 = ρn
(
x+
1
k2
)
= ρn +
1
k2
ρn,x +O
(
1
k2
2
)
,
qn,m+1 = qn
(
x+
1
k2
)
= qn +
1
k2
qn,x +O
(
1
k2
2
)
,
σn,m+1 = σn
(
x+
1
k2
)
= σn +
1
k2
σn,x +O
(
1
k2
2
)
,
Substituting the above expansions into (24,25), the leading terms yield the system (23).
Thus, we may claim that the discrete system (24,25) is a fully discrete version of the
potential SKdV2.
It is possible to consider other continuum limits such as skew continuum limit or full
continuum limit for the system (24,25), but we will not present the results here since these
can be done thorough tedious but straightforward calculations.
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